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Let K be an unramified abelian extension of a number field F with Galois group 
G. K corresponds to a subgroup H of the ideal class group of F. We study the 
subgroup J of ideal classes in H which become trivial in K. There is an 
epimorphism from the cohomology group H-‘(G, C/x) to J which is an 
isomorphism if G is cyclic; Cl, is the ideal class group of K. Some results on the 
structure of J and Cl, are obtained. 
Let F be a number field and K a finite unramified abelian extension of F 
with Galois group G. K is contained in F’, the Hilbert class field of F. By the 
Principal Ideal Theorem, every ideal of F becomes principal in F’. A more 
difficult problem is to determine which ideals of F become principal in K. 
Hilbert’s Theorem 94 states that at least one non-trivial ideal of F becomes 
principal in K if [K : F] > 1. By class field theory, the extension K 
corresponds to a subgroup H of the ideal class group Cl, of F. In fact, if Cl, 
is the ideal class group of K, then H is just the image of the map NwF: 
CZ, + Cl, induced by the norm map on ideals. In this paper, we focus on the 
subgroup J of ideal classes in H whose ideals become principal in K. This 
subgroup has been studied by Taussky Todd [8,9] and by Kisilevsky [6]. 
Generalising a result of Kisilevsky, we prove that there is an epimorphism 
from the Tate cohomology group H-‘(G, Cl,) -+ J which is an isomorphism 
if G is cyclic. We then prove that if n = ] G ] is relatively prime to [K’ : F’], 
K’ the Hilbert class field of K, then J = {x E H 1 x” = 1). If G is cyclic of 
prime order p, we study the p-rank of J provided the p-Sylow subgroup S, of 
Cl, is “not too large.” In particular, if the p-Sylow subgroup of Cg is cyclic 
of order ps and ] S, ] < pp- ’ then S, is either of type (p”, p,..., p) in which 
case ]J] = p or of type (p’+‘, p ,..., p) in which case J= (1). Finally, if G is 
an arbitrary abelian p-group, we obtain some lower bounds on ]J]. 
We let n = ] G] and for every G-module A and m E Z, we let Hm(A) = 
H”‘(G, A) be the Tate cohomology groups. In particular, @(A) = AGINA 
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and H-‘(A) = J/Z&, where N: A + A is the norm map, J = ker N and 
I,,4 is the submodule of A generated by elements of. the form oa/a, where 
a E A, u E G. If A is an abelian group, we let A,,, = {x E A 1 xm = 1). If E is 
a Galois extension of a field L, G(E/L) will denote the corresponding Galois 
group. We let ZK be the idele group of K, C, the group of idele classes, D, 
the group of ideals of K, P, the principal ideals, E, the units of K, and U, 
the idele units. 
1 
In this section we consider some properties of the Tate cohomology 
groups which will be useful for later results. The following commutative 
diagram (*) consists of exact sequences of G-modules. 
(i) (? (? 
(l)-E,-U,-UK/E,-(l) 
1 1 1 
(1)-K*- ZK - C, - (1) 
1 1 1 
(l)- P,-D,- Cl, -(I) 
1 1 1 
(1) (1) (1) 
PROPOSITION 1. (1) H’(E,) z Pz/P,, the group of ideal classes of F 
whose ideals become principal in K. 
(2) H2(E,J o H’(P,). 
(3) Hm(Z,) = Hm(D,) = (1) if m is odd. 
(4) If G is cyclic, h(E,) = l/n, where h denotes the Herbrand quotient 
and H-‘(C,) = (1). 
(5) Zf G is an abelian p-group, then H-‘(C,) = (1) rrG is cyclic. 
Proof. (1) This result is due to Iwasawa [41. 
(2) The cohomology map H’(P,)+ HZ@,) is one-to-one since 
H’(K*) = (1). N ow consider the maps 
aI : H”(c1,)--fi-, H’(U,&) A HZ&) 
and 
a2 : Z-Z”(Cl,) 2 H’(P,) 82 H*(Ed 
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a, and (x2 differ only by a sign. (See [l, p. 441.) But f, is onto since 
H’(C,) = (1) and g, is an isomorphism since UK is cohomologically trivial. 
Hence a, is onto. Therefore so are a, and g,. 
(3) HmV,J = 0, H’YG,, K,*), w h ere P runs through the primes of K, 
Kp is the completion, and G, the decomposition group. Since K is unramified 
over F, each G, is cyclic,so Hm(Gp, K,*) z H’(G,, K,*) = (1) if m is odd. But 
H”(I,) z H”(D,) for all m since H”(U,) = (1). 
(4) The fact that h(E,) = I/n is well known. H-‘(C,) z H’(C,) = (1) 
by class field theory. 
(5) Suppose G is an abelian p-group and H-‘(C,) = (1). By class 
field theory, H-‘(C,) z Hm3(Z) and Hm3(Z) has p-rank r - d where r and d 
are, respectively, the minimum number of relations and generators of G. 
Since r - d = 0, G must be cyclic. 
COROLLARY 1 (Hilbert’s Theorem 94). rf G is cyclic, then 1 H’(E,)I > n. 
In particular, there is an ideal of F, not principal in F, which becomes prin- 
cipal in K. 
Proof. By (4), 1 H’(E,)I = n (H*(E,)I. 
COROLLARY 2. If Cl,. is cyclic, then every ideal of F is principal in K ifs 
K is the Hilbert class field of F. 
Proof: If every ideal of F is principal in K, then H’(E,) z Cl,. But every 
element of H’(E,) is killed by n. Since Cl, is cyclic, we get 1 CZ,l = n, so 
K = F’. The converse is the Principal Ideal Theorem which in this special 
case is an easy consequence of Corollary 1. 
2 
In this section we will prove that there is an epimorphism A: 
H-‘(Cl,) -+ J. If G is cyclic, then I is an isomorphism and the Galois group 
G(K’/F’) is isomorphic to Z,Cl,. 
Let j: Cl, -+ CI, be the map induced by lifting of ideals from F to K. SO 
ker j z H’(E,) and J = ker j n H. N = j o N,,,: CZ, + Cl, is the norm map. 
PROPOSITION 2. There is an exact sequence (1) -+ H’(E,) + Cl, -+j CZ: -+ 
H2(KJ -+ (1). 
Proof. From diagram (*) we get the exact sequence (1) + c + 0: + 
CZ$ -+ H’(P,) + (1). But 0: = D, and H’(P,) z H2(EK) by Proposition 1. 
So the result follows. See also 141. 
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THEOREM 1. There is an epimorphism /I: H-‘(Cl,) + J which coincides 
with the combined map H-‘(Cf,) + @(P,) 4 H’(E,) (defined canonically) 
after identifying J with a subgroup of H’(E,). The kernel of I is the image of 
the map H-‘(C,) + H-‘(Cf,). 
Proof. Define a: &IX + J by a(x) = N&x). Since J = ker j n NWF Cf, 
and N=jo NKIF, a is well-defined. If y E J, y = NKIF(x) for some x E Cl,. 
Since j(y) = 1, x E &fK. Therefore, a is an epimorphism. Since NKIF(crx) = 
N&x) for all B E G and x E Cl,, ZG Cf, c ker a, so a induces an 
epimorphism 1: H-‘(Cf,) -+ J. 
Now the map $: H-‘(Cf,) -+ @(P,) is defined as follows: if 5 E &ZK, 
aE4, then N(a) E Pg. So let #(5ZG CZ,) = N(a) NP,. By identifying 
H*(E,) with c/PF (see Proposition I), we see that A is the composition 
H-‘(Cf,) -+’ @(P,) --t H’(E,). The composition H-‘(Cf,) + @(U,/E,) +* 
H’(E,) differs from A by a sign and since w  is an isomorphism, ker A is the 
image of H-‘(C,) --t H-‘(Cf,) (cf. diagram (*)). 
COROLLARY 1. If G is cyclic, 1 is an isomorphism. 
Proof. Immediate from Proposition 1. 
COROLLARY 2. Let f.3 E H’(Cf,) be the canonical class of the group 
extension (1) + G(K’/K) + G(K’/F) -+ G + (1). Then 1 is an isomorphism t@ 
b U x = 1 for all x E Hm3(Z). (U denotes the cup product.) In particular, if 
the above extension splits, then A is an isomorphism. 
Proof Let a generate the cyclic group H’(C,). Then the map f: 
Hp3(Z) + H-‘(C,) defined by f(x) = a U x is an isomorphism. The 
following diagram commutes: 
HZ(&) @ H-3(Z) - H-‘(G) 
I 
g 
I 
Id 
I 
h 
H2(Cf,) @ H-3(Z) - H-‘(Cf,) 
It is known that g(a) =p, Let z E H-‘(C,). Then z = a U x for some 
x E Hw3(Z). So h(z) = g(a) U x = p U x. Since ker I = im h, the corollary 
follows easily. 
Note. 1 need not be an isomorphism as the following example shows. 
Take K = F’ and assume G is an abelian p-group and Cl,(p) is a non-trivial 
elementary p-group. F = Q(m) with p = 2 is an example. Since K = F’, 
then trivially H = (1) and hence J = (1). Also the norrh map N is trivial so 
H-‘(Cl,) = Cl,/Z~CI,. But Cl,/Z,Cf, # (1) if Cl, # (1). (See [7, p. 1491.) 
On the other hand, ,l may be an isomorphism when G is non-cyclic. To 
641/13/2-9 
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see this, let K be the Hilbert pclass field of F for some prime p and assume 
Cl, has order prime to p and G is non-cyclic. F = Q(m) with p = 2 is an 
example. Then it is easy to see that both H-‘(Cl,) = (1) and J= (1). 
COROLLARY 3. If G is a p-group, then ker A has p-rank < d(d - 1)/2 
where d is the minimum number of generators of G. 
Proof. rk(ker A) < rk(H-‘(C,)) = rk(Hp3(Z)) = r - d, where r is the 
minimum number of relations among the generators of G. But r = d(d + 1)/2. 
(See (5, p. 1691.) 
COROLLARY 4. ker J = ker NKIF/IG Cl,. 
Proof. This is immediate from the definition of 1. 
PROPOSITION 3. There is an exact sequence( 1) + ker A + H- ‘(Cl,) da 
H’(E,)+G+~(CfK)+H2(E,)-+(1). 
Proof. This is just a cohomology sequence from diagram (*) where we 
identify H”‘(U,/E,) with H m+‘(EK) and @(C,) with G from class field 
theory. 
COROLLARY 1. H’(E,)/J is isomorphic to a subgroup of G. In 
particular, 1 H,(E,)I < 1 Jj / G (. 
COROLLARY 2. If J= (1), H’(E,) is isomorphic to a subgroup of G. If. 
in addition, G is cyclic, then H’(E,) z G. 
Proof. The first statement is obvious. If G is cyclic, H-‘(Cl,) = 
@(Cl,) = (1). So, by Proposition 3, H’(E,) z G. 
Let C = G(K’/K) which we can identify with Cl, and let R = G(K’/F’). 
We can identify H = NKIFCIK with G(F’/K). Then R, C, and H are G- 
modules in the natural way and G acts trivially on H since G(F’/F) is 
abelian. 
W have a natural exact sequence of G-modules (1) + R + C + H --+ (1) 
and with the above identifications the map C + H is just the map NKIF. In 
particular, R z ker NKIF. 
PROPOSITION 4. Zf G is cyclic, then R z I, Cl, and 1 HJ = ) Cg I. 
Proof. As remarked above, R z ker NxIF. Since 1 is an isomorphism, 
ker NxIF - G - I Cl, by Corollary 4 to Theorem 1. 
We can define 4: Cl, + IoCl, by d(x) = ax/x, where o generates G. Then 
4 is an epimorphism with kernel Cg. Hence ] Cg] = ] Cl, ]/]Z, Cl,] = 
[F’ : K] = I HI. 
CAPITULATION PROBLEM 251 
3 
We next consider the structure of J when ] G ] and [K’ : F’] are relatively 
prime. We let m = ]H], I = IR) = [K’ : F’], and we identify R with ker NXIF 
because of the remarks in the preceding section. 
LEMMA 1. RG c (Cl,), . 
Proof. Let aP, E Cl:; a E D,, Then N&aPk) = a”bPr, where b E Pk. 
So if aP, E RG, then a”b E Pr and hence a, E Pk. Therefore, aP, E (Cl,);. 
THEOREM 2. Suppose (n, r) = 1. Then J = H, and J z (Cl,),. In 
particular, J = (1) iff (n, m) = 1. 
Proof. The exact sequence of G-modules (1) + R + Cl, 9wF H -+ (1) 
induces (l)-tRG-+C1~+H+H1(G,R). Since (n,r)= 1, H’(G,R)=(l) 
and by Lemma 1, RG = (1). Therefore NKIF: Cc -+ H is an isomorphism. 
Clearly, J c H, since J c H’(E,). Conversely, let y E H,. Then, by the 
above, 3x E CF, such that NKIF(x) = y and x” = 1. Therefore, j(y) = 
jN&x)=N(x)=x”=l. SoyEJandJ=H,. 
(l)+R-tCl,+N~rH+(l) induces (l)-+(CIK),+N~‘Hn since R,,=(l). 
But NKIF: Cg + H is an isomorphism, so (Cl& z H,. Thus ] H, ] = 
](Clg),I < I(Cl,),I and we get that NK,F: (Cl,), * H, is an isomorphism. 
Therefore, J z (Cl,), . 
Note. In the following corollaries, we will let S be ap-Sylow subgroup of 
Cl, for a fixed prime p. Note also that Corollary 1 generalizes Theorem 2 in 
[6]. Following the terminology of Taussky Todd, we will say Condition A 
holds for K over F if J# (1) and Condition B holds if J= (1). 
COROLLARY 1. Assume F has an unramified abelian extension K of 
degree p which satisfies Condition B. Then the length of the p-class tower of 
F is one iff S is cyclic of order p. 
Proof. If S is cyclic, it is well-known that the pclass tower has length 
one. Conversely, suppose the p-class tower has length one. Applying 
Theorem 2 with n = p, we get that (p, m) = 1 and hence ] SI = p. 
COROLLARY 2. Assume F has an unramtfied abelian extension K of 
degree p satisfying Condition B. If p’ divides ] Cl,], then the p-class tower of 
F has length > 1 and pz divides ] Cl, I. 
COROLLARY 3. Suppose S is cyclic of order pt and [K : F] =p’; 
1 < I< t. Then J is cyclic of order pk, where k = min(1, t - 1). In particular, 
Condition B holds tfl 1 = t. 
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Proof: J is contained in the p-Sylow subgroup of H which is cyclic of 
order p’-‘. By Theorem 2, J = (x E H 1 xp’ = 1 }. The result then follows 
easily from elementary group theory. 
COROLLARY 4. Suppose that the p-class tower of F has length one. Then 
every field intermediate between F and the Hilbert p-class field of F satisfies 
Condition A. 
Proof. Let K be the Hilbert p-class field of F. Clearly, K satisfies 
Condition B. Let L be a field intermediate between K and F. Since the length 
of the p-class tower is one, [t’ : F’] is relatively prime to G(L/F). But 
(F’ : L] is divisible by p which implies by Theorem 2 that Condition A holds 
for L. 
4 
Let p be a prime number. In this section we will first assume that G is 
cyclic of order p and then, with weaker results, that G is an abelian p-group. 
We will let S, and S, be the p-Sylow subgroups of Cl, and Cl,, respec- 
tively. So Hm(C1,) z H”(S,). If A is a finite abelian group ofp-power order, 
we will let rk A denote the p-rank of A. 
PROPOSITION 5. Let G be a cyclic group of order p and A a finite G- 
module of p-power order such that NA = (1). If A has an element of order p2, 
then rk A > p - 2 + rk A’. 
Proof. This result is due to Inaba and a proof may be found in [2]. 
PROPOSITION 6. Let G be cyclic of order p and A a G-module which is 
an elementary p-group. Suppose 1 A’] = pt. If @(A) = (1), then A is a free 
Z/pZ[ G]-module and ]A ( = ppt. 
Proof. See [7, p. 1501. 
LEMMA 2. I, S, is the p-Sylow subgroup of ZG Cl,. 
Proof. Let P be the p-Sylow subgroup of ZG Cl,. Since Z, S, is a p-group, 
it is contained in P. Clearly, Sg is the p-Sylow subgroup of Cl:. So the map 
4: Cl, -+ Z,Cl, defined in the proof of Proposition 4 induces an exact 
sequence (l)-+Sz+SK+mP-+(l). So P=im#cZ,S,. Therefore, 
P=ZcS,. 
THEOREM 3. Suppose K is a cyclic unramtped extension of F of degree 
p. Assume ]SF]=ps+’ and ]SK]=pS+‘<p’-‘, s, t> 1. Then rkSz--t< 
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rk J < rk S, - t. In addition, tf the p-Sylow subgroup of Cg is cyclic, then 
S, is either of type (p”, p,..., p) in which case IJ( = p or of type 
(p”’ ‘, p ,..., p) in which case J = (1). 
Proof. Let A = NSK. We claim that A is an elementary abelian p-group. 
Clearly A?4 = (1) and AG = {x E Sz 1 xp = 1 } # (1) since Sz # (1). So 
rk AG > 1. By Proposition 5, if A is not elementary, then rk A > p - 1. This 
implies that INSKI > p”, a contradiction since 1 SKI < ppml. Therefore, A is 
elementary. 
Now (l)-IGSX+NSK+J+(l) is exact since JzHH-‘(Cl,)zW’(S,). 
But rk ZGSK = t by Proposition 4 and Lemma 2. Therefore, rk J= 
rk NSK - t < rk S, - t. On the other hand, rk Sg = rk ,& < rk NSK = 
rkJ+t. So, rk J>rkSg--t. 
Assume the p-Sylow subgroup .!$ is cyclic. Then the exact sequence 
(1) + Si + S, + ZG S, + (1) implies that S, is of type (p”, p,..., p) with rank 
t + 1 or of type (p’+‘, p,..., p) with rank t. In the latter case, using the 
above, we easily get J= (1). 
Suppose S, is of type (p”, p,..., p). Then IJI = 1 or p. Suppose J= (1). 
Then H’(G, S,) = (1). Consider the exact sequence (1) + (S,), + 
S, +p Si + (1) where the map p is raising to the pth power. This gives rise 
to the exact sequence (1) --f (Sz)p + Sg +p (Sj!)G + H’((S,),) + (1). Clearly, 
(QP c (SgG c s i. But I(Si)p ) = 1 Si I = ps- ‘. Therefore, (SE)p = (Si)G and 
the map p: Sg + (Si)” is onto. This implies that H’((S,),) = (1) and by 
Proposition 6, I(S,),( = pp, a contradiction. Therefore, in this case IJI = p. 
COROLLARY 1. Suppose K is a cyclic unramfled extension of F of 
degree p. Assume IS,1 = psi’ and IS,1 = p”‘(pP-‘, s, t > 1. Then S, 
contains an elementary subgroup of order pt IJI. 
COROLLARY 2. Suppose K is a cyclic unramified extension of F of 
degreep.AssumeIS,I=IS,I=pS+‘, 1 ,< s < p - 2. Then Condition B holds 
lJ7 S, is cyclic. 
Proof. By the theorem, rk SE - 1 < rk J < rk S, - 1. Clearly if S, is 
cyclic, J = (1). Conversely, suppose J = (1). Then Sz is cyclic and using the 
second part. of the theorem we get that S, is cyclic. 
LEMMA 3. Let A be a finite abelian p-group and B = {x E A I xp’ = 1) 
forsomeJixedl> 1. Suppose that IBI=p”‘. If m<l- 1, then B=A. 
Proof. Elementary. 
THEOREM 4. Suppose K is an unramified abelian extension of F of 
degree p’, I> 1. Suppose that ) S, I = pits and ) S, I = ps ‘I. If ) JJ = pk, then 
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k > min(l- t, (s - t)/2}. If, in addition, G is cyclic, then k > min( I- t, 
s-t}. 
ProoJ Using Theorem 1 and the fact that H-‘(Cl,) z H-‘(SK), we have 
1 ,,,SK I= / ker J ] IIG S, ( IJ(. Recall that ker 1= ker NK,JIG Cl, and that 
1 ker NKIFI = [K’ : F’]. H ence Iker III ]IGCIKI = [K’ : F’] and )kerAI ]l,S,l= 
p’. Therefore, I JK I = pt+ k. 
Suppose k < min(l- t, (s - t)/2}. Since Ji = {x E Sg I x*‘= I} we can 
apply Lemma 3 to get & = Sg. Hence I Sg I ,< p’ fk. The exact sequence 
(1) + ,+,SK + S, -+ NS, + (1) implies that ] NS,) = pSmk. But NS, c Sz, SO 
s -k ,< t + k, a contradiction. 
If G is cyclic, then ] S$ j = ps. Then, as above, if k < I - 1, then s < t + k. 
Therefore, k > min(/- t, s - t). 
As a final note, by taking s = 1 in Theorem 3, we recover a result which 
has been proved in greater generality by Gras. (See [3, Corollaire 4.3 and 
Proposition 4.3, p. 31 I.) See also Theorem 3 in [6]. 
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